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Introduction
In the coincidence theory, one tries to determine the minimal number MC[f, g] of coincidence points of continuous mappingsf ,g : M 1 → M 2 homotopic, respectively, to f, g : M 1 → M 2 . This is the coincidence problem. Mostly, mappings between manifolds M 1 and M 2 of the same dimension n are considered. For given mappings f, g : M n 1 → M n 2 , there exists a powerful homotopy invariant, the Nielsen coincidence number NC[f, g], which is constructed as follows. Call two coincidence points x, y ∈ M 1 equivalent if there is a path γ from x to y such that the loop (f • γ)(g • γ −1 ) is contractible. This defines an equivalence relation, and its equivalence classes are called the Nielsen coincidence classes. For two mappings between manifolds, an index for a coincidence point or a Nielsen coincidence class is defined as for fixed points of a self-mapping of a manifold. A class is called essential if its index is different from 0, and NC[f, g] is the number of essential coincidence classes. [25] proved that each pair of mappings between closed orientable manifolds of dimension n ≥ 3 has the Wecken property for coincidences. Nowadays, the corresponding result has also been obtained for non-orientable manifolds [7] , [12] , [11] . Whitney [28] (1944) proved an analogous result for the self-intersection problem for a map f : M n → R 2n , n ≥ 3, by using the so-called "Whitney trick".
However, the dimension n = 2 differs from the general situation both in the orientable and the non-orientable cases. In what follows, all manifolds are surfaces, and we omit n = 2 in the notation of a 2-manifold. There exist pairs of mappings f, g : M 1 → M 2 which do have the Wecken property, as well as such pairs which do not have the Wecken property. Let S h and N h denote the orientable and nonorientable, respectively, closed surfaces of genus h. It is known [18] , [19] that MC[f, g] = NC[f, g] for every pair of mappings f, g of a surface M 1 to the sphere S 2 = S 0 or to the projective plane RP 2 = N 1 . Moreover, according to [6] , for arbitrary mappings f, g : S 1 → S 1 of the torus to itself, we have
where f 1 * and g 1 * denote the induced homomorphisms in the first homology group. Jiang [20] and Ivanov [17] showed that MF[f ] = NF[f ] for homeomorphisms f : M 1 → M 1 of a surface to itself. On the other hand, Jiang [21] , [22] constructed a continuous mapping f : S 2 → S 2 such that MF[f ] = 2 > 0 = NF [f ] . The general coincidence problem seems to be quite difficult. Even in the simplest case of the root problem, where one of the mappings is constant, it is not trivial and there are maps with and without the Wecken property. The first example f : S 2 → S 1 of a mapping with MR[f ] = 2 > 1 = NR[f ], deg f = 4 was constructed by Hopf [16] in 1930. The root problem is solved in the preceeding papers [14] , [3] , [13] , [1] of the authors (explicit formulae for NR [f ] and MR [f ] are given at the beginning of Section 3). In particular, [13] gives an answer (see (1.8) below) to the following question: Does a given map f : M 1 → M 2 have the Wecken property for the root problem? The answer is given in terms of the so-called absolute degree A(f ) of f defined in [24] , [9] , [26] . It is related to the usual degree as follows. For an orientation-true map f : M 1 → M 2 (see Definition 2.1), the absolute degree is determined by the usual degree of a lift of f to orientable coverings. In particular, A(f ) = | deg(f )| if both surfaces M 1 and M 2 are orientable. For a branched covering, A(f ) is equal to the number of leaves, that is, to the number of points in the preimage of a generic point.
For a given pair of surfaces (M 1 , M 2 ), the following natural questions arise: (1.1) Does there exist a continuous mapping f : M 1 → M 2 of a given absolute degree? (1.2) Does there exist a continuous mapping f : M 1 → M 2 (of a given absolute degree) which has the Wecken property (with respect to the root problem)? (1.3) Does there exist a continuous mapping f : M 1 → M 2 (of a given absolute degree) which does not have the Wecken property (with respect to the root problem)? The first question is discussed in [23] , [15] , [29] (see also 2.5, 2.6, 3.4, 3.5); it is answered in terms of the Kneser inequality (see (2.3)). The last two questions are completely solved in this paper; see Proposition 2.6, 3.4 and Theorem 1.5 (see also Proposition 4.3). Let us point out that the answers to questions (1.1) and (1.2) are closely related to each other, but they are not related to the answer to (1.3). The similar questions for the general coincidence problem are still open.
The different behavior of mappings depending on orientation splits our main result into two cases: the case when M 1 is non-orientable and M 2 orientable and the case which is formulated in detail in 
is even and satisfies the inequalities 2 ≤ r ≤ d − 2 .
1.6. Corollary. There are four mappings
A(f 4 ) = 6 without the Wecken property for the root problem.
Any mapping f : M 1 → M 2 which does not have the Wecken property is homotopic to a branched covering and is not "simpler" than the mappings listed above, that is,
Proof. The inequalities 2 ≤ r ≤ d − 2 mentioned in Theorem 1.5 (b) are equivalent to 4 ≤ r + 2 ≤ d if M 1 and M 2 are both orientable or both non-orientable and to 6 ≤ r + 4 ≤ d otherwise. In particular, if f : M 1 → M 2 does not have the Wecken property for the root problem, then A(f ) ≥ 4. If, moreover, χ(M 1 ) is odd, then χ(M 2 ) and A(f ) are odd and A(f ) ≥ 5; if M 1 is orientable and M 2 is non-orientable, then A(f ) is even and A(f ) ≥ 6. Theorem 1.5 is illustrated in Figures 1-3 ; see also the comments to them in Sections 5 and 6. For a mapping f :
(1.7)
It follows from [13, Theorem 4.6] that
and that all mappings which are not orientation-true (see Definition 2.1 below) have the Wecken property for the root problem. This implies the first claim of the theorem. However, condition (1.8) does not imply the existence of a "Hopf example", that is, of a mapping f :
(1.9)
Actually, Theorem 1.5 describes all pairs (M 1 , M 2 ) for which there exists a "Hopf example", that is, a mapping f : M 1 → M 2 satisfying inequality (1.9) and, thereby, not having the Wecken property for the root problem. Moreover, we prove that, if there exists such a mapping, then it is homotopic to a branched covering M 1 → M 2 satisfying (1.9). In particular, Corollary 1.6 implies that each mapping f between closed surfaces with A(f ) ≤ 3 has the Wecken property for the root problem. Moreover, if χ(M 1 ) is odd, then each mapping f : M 1 → M 2 with A(f ) ≤ 4 has the Wecken property for the root problem; if M 1 is orientable and M 2 is nonorientable, then every mapping f : M 1 → M 2 with A(f ) ≤ 5 has the Wecken property for the root problem. For the existence of a mapping of a given absolute degree, see 2.5, 2.6, 3.4, and 3.5. Furthermore, if h < 4g − 2 for orientable surfaces M 1 and M 2 of genus h and g, respectively, then any mapping f : M 1 → M 2 has the Wecken property for the root problem; if h > 2g 2 − 2g + 1, then there exists a mapping f : M 1 → M 2 which does not have the Wecken property for the root problem; see Corollary 5.2 (a), (b). For the general case, see Corollaries 6.2 and 6.3.
The paper is organized as follows. Section 2 recalls results about the existence of some special branched coverings to be used in Section 4 and contains solutions of (1.1) and (1.2) for mappings to the sphere and to the projective plane. Section 3 gives solutions of (1.1) and (1. 
On the Existence of Branched Coverings of a Special Type
In this section, we recall some definitions and results about continuous mappings between surfaces and prove the existence of special branched coverings; the proof is mainly based on results from [1] , [3] . Let M 1 and M 2 be two closed surfaces. (b) A map f :
(c) When M 1 is orientable, M 2 is non-orientable, and f : M 1 → M 2 is a continuous map, we say that f is orientation-primitive if f is orientation-true and (f ) = 2. Primitive orientation-true maps are also called orientation-primitive.
Since each map which is not orientation-true has the Wecken property for the root problem, we shall mainly consider orientation-true mappings and assume that the pair (M 1 , M 2 ) satisfies (1.4). This assumption is necessary for the existence of an orientation-true mapping f : M 1 → M 2 . For orientation-true mappings of absolute degree A(f ) = d, divides (f ) and, hence, divides d (see (1.4) and (1.7) for the notation), and the Hurwitz evaluation number is even, that is, 
is valid and (f ) | d. Furthermore, according to [23] , [14] , the Kneser inequality becomes an equality if and only if the map f is homotopic to a d-fold (unbranched) covering; we then have (f ) = d. Hence, for orientation-primitive mappings of absolute degree d > 2, the Kneser inequality (2.3) is strong: [24] ). All such mappings are obviously orientation-primitive. Now, let M 2 be neither the sphere nor the projective plane.
In the case when M 1 and M 2 are both orientable or both non-orientable, it follows from [3, Proposition 5.16] and [1, Theorem 3.3] that there is a primitive branched covering f : M → M 2 of absolute degree A(f ) = d with r branch points each of which has exactly d − 1 points in its preimage. By the Hurwitz formula,
Thus M and M 1 have the same Euler characteristic. Now, f is primitive and orientation-true and M and M 2 (and, by assumption, M 1 ) are all orientable or all non-orientable; thus M is homeomorphic to M 1 .
In the case when M 1 is orientable and M 2 non-orientable, let us take the orientable 2-fold covering p :M 2 → M 2 . It follows from the above considerations that there is a primitive branched coveringf : 
Propositions 3.4 and 3.5 answer questions (1.1) and (1.2) for arbitrary pairs of surfaces (M 1 , M 2 ) except in the special cases when the target has positive Euler characteristic. For completeness, we consider these exceptional cases M 2 = S 2 and RP 2 below. Since any pair of mappings from a closed surface to S 2 or RP 2 has the Wecken property for the coincidence problem (see the introduction), the following proposition simultaneously answers (1.1) and (1.2) for M 2 = S 2 and RP 2 .
Proposition. (A)
The absolute degrees A(f ) of continuous maps f :
(B) The absolute degrees A(f ) of orientation-true continuous maps f :
(C) The absolute degrees A(f ) of non-orientation-true continuous maps f :
2 are non-orientation-true. Therefore, A(f ) ∈ {0, 1} by the definition of absolute degree [26] . These degrees are realizable, since the constant map c : N h → S 2 is not orientation-true and has absolute degree 0; the pinching map π : N h → S 2 is not orientation-true and has absolute degree 1.
( 
it is orientation-true and has absolute degree 0. If M 1 = N h and, hence, h is even, consider the canonical presentation
i , where 1 ≤ i ≤ h and s is the generator of π 1 (S 1 ). Take any map Φ :
2 is orientation-true and has absolute degree 0.
2 is not orientation-true, then A(f ) = 0 by the definition of absolute degree (see [26] ); in the terminology of Hopf-Kneser, f is of type II. Consider the canonical presentation
and the epimorphism ψ :
2 is not orientation-true and has absolute degree 0. Here γ is the map from (B).
Suppose that M 1 = N h and f : N h → RP 2 is not orientation-true. It follows from the definition of absolute degree that A(f ) ∈ {0, 1, 2} (see [26] ). Moreover, if
2 , then (f ) = 2 and, thus, A(f ) ∈ {0, 2}. Let us show that 0 and 2 are realizable as absolute degrees for arbitrary h ≥ 1 and 1 for h ≥ 2. The constant map is not orientation-true and has absolute degree 0. The composition f = β • π of the pinching map π : N h → S 2 and the 2-fold covering β : S 2 → RP 2 is not orientation-true and has absolute degree 2. If h ≥ 2, then the pinching map f : N h → RP 2 is not orientation-true and has absolute degree 1.
On Degrees of Mappings and the Wecken Property
In this section, we recall the answer to question (1.1) and solve question (1.2) by proving that the answers to both questions coincide; see Proposition 3.4. The proof is based on known facts, which we recall first.
Let M 1 and M 2 be two closed surfaces. By a theorem of Kneser [23] , every mapping f : M 1 → M 2 of absolute degree 0 can be deformed into a 1-skeleton (for any given cell complexes on the surfaces); hence, MR[f ] = NR[f ] = 0 for every mapping of absolute degree 0:
In 1973, Brooks [5] proved that, given a mapping f :
)] is finite and equals NR[f ]:
In [3] , [1] , a simple formula for MR[f ] is given:
Mappings for which the Kneser inequality (2.3) becomes an equality are homotopic to unbranched coverings; hence they are orientation-true and have the Wecken property for the root problem, since A(f ) = (f ) = MR[f ] for a covering f :
Actually, for any pair of surfaces M 1 , M 2 with (1.4) and any integer d ≥ 2 such that d · χ(M 2 ) = χ(M 1 ) and | d, there exists a map f : M 1 → M 2 of absolute degree A(f ) = d and, hence, a d-fold covering [15] . Now, suppose that the Kneser inequality (2.3) is strong, that is, (2.4) holds. If a map f is not orientation-true and has absolute degree A(f ) = d > 0, then (f ) = d by the definition of absolute degree [26] . Furthermore, it can be deduced from the results of [8] , [26] that (f ) = A(f ) = d if and only if f is homotopic to the composition β • π of a pinching map π and a d-fold covering β. Therefore, any such f has the Wecken property for the root problem: In general, (f ) does not coincide with A(f ) = d > 0. It can be deduced from the results of [8] , [26] that A(f ) = d > (f ) if and only if f is homotopic to a d-fold branched covering with proper branching; therefore, f is orientation-true. Hence (1.4), (2.2), and (2.4) hold, and Lemma 2.5 can be used.
These facts imply the following proposition answering questions (1.1) and (1.2) in the remaining case. (a) There exists a continuous mapping f :
which has the Wecken property for the root problem;
pinching map π and a d-fold covering β. Moreover, any mapping f with the properties mentioned in (d) has the Wecken property for the root problem and satisfies (f ) = A(f ) = d.
Proof. We prove the equivalences in the order (a)
(a) ⇒ (c): From the Kneser inequality (2.3) it follows that r ≥ 0. Let us assume that the surfaces satisfy (1.4) and = 2; then M 1 is orientable and M 2 is non-orientable. We shall show that f is orientation-true and, thus, can be factorized through a 2-fold orientable covering over M 2 ; this implies that d is even. Indeed, according to [26] , the mapping f is homotopic to a composition β • π, where β is a branched covering and π a pinching. The pinching π is orientationtrue, since M 1 is orientable; β is orientation-true as a branched covering; hence the composition β • π (and, therefore, f ) is orientation-true. Thus (1.4) always implies
is not fulfilled, then M 1 is non-orientable and M 2 is orientable. As mentioned in the paragraph before (3.2), the assumption r = 0 implies that f is orientation-true, which is a contradiction.
(c) ⇒ (d): Assume that (1.4) is valid. Take a d-fold covering β :M 2 → M 2 , whereM 2 is orientable if and only if M 1 is orientable; it exists because | d and
is not fulfilled, then M 1 is non-orientable, M 2 is orientable, and r > 0. As above, take a d-fold covering β :
Clearly, (f ) = (β) = d. Let us prove the properties of the mappings f = β • π mentioned last in the statement of the proposition. It follows from the definition of absolute degree [26] 
Then all mappings f : M 1 → M 2 have the Wecken property for the coincidence problem and, hence, for the root problem (see [18] , [19] ); therefore, assertions (a) and (b) are equivalent; furthermore, assertions (a ) and (b ) are equivalent. The set of absolute degrees of mappings f is described by Proposition 2.6.
Mappings without the Wecken Property
In this section, we prove the main result (Theorem 1.5) answering question (1.3) and characterizing pairs of surfaces which admit mappings not having the Wecken property for the root problem. 
Proof. The assertion that f is orientation-true was proved above (see the paragraph after (1.8) ). Therefore, we may assume that M 1 is orientable or M 2 is non-orientable. Put d = A(f ). Since f does not have the Wecken property, (1.8) immediately implies that M 2 is neither the sphere nor the projective plane, and
Since f is orientation-true, | (f ). This implies | d and inequality (4.2).
Since f is orientation-true, the Hurwitz congruence In particular, M 1 is orientable or M 2 is non-orientable, and | A(f ). We put d = A(f ) and define r by (4.4). According to (2.4) and (2.2), r is even and positive; hence r ≥ 2. By (4.2),
Therefore, r ≤ d − 2 for = 1. Otherwise, M 1 is orientable, M 2 is non-orientable, and = 2, and we have d ≥ r + + 1 = r + 3. Observe that d is even, because | d. Since both r and d are even, d ≥ r + 4 = r + 2 .
(b) ⇒ (d): Let d and r be integers satisfying the hypotheses of (b). By Lemma 2.5, there is an orientation-primitive branched covering f : 
Some Consequences for Orientable Surfaces
To illustrate Theorem 1.5 and Proposition 4.3, we give some their corollaries for the case of orientable surfaces. 
, there is a mapping f : S h → S g which does not have the Wecken property. By Corollary 5.1 (c), this is equivalent to the fact that there exists a primitive map f : S h → S g of degree d 0 , and no such map satisfies the Wecken condition for the root problem. 11 * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * Comments to Figure 1 . Let us make a comment to Figure 1 , which illustrates our result for orientable closed surfaces. Let W denote the set of pairs (g, h) with g ≥ 0 and h ≥ 0 such that all mappings f : S h → S g have the Wecken property for the root problem. The part of the complement of W with h < 60 is marked by stars in Fig. 1 . The set W is the union of the h-axis and the "areas" bounded by half-lines. Each area is an angle below the parabola h = 2g 2 − 2g + 2 (the points on the parabola and above it belong to the "non-Wecken zone"). Let us explicitly describe these angles. One of them consists of the points (g, h) with h ≤ 4(g − 1) + 1, g ≥ 1 (the "Wecken zone"). Hence, if the second part of (6.1) is valid, then the positive absolute degrees A(f ) of orientation-true maps f :
Recall that M 1 and M 2 satisfy (1.4) by assumption; orientation-true maps f : M 1 → M 2 do not exist in the other cases. Under the same conditions, Lemma 2.5 implies that the positive absolute degrees A(f ) of orientation-primitive maps f form the set
The following three corollaries extend Corollaries 5.1 and 5.2.
6.2. Corollary ("Wecken" zone). Let M 1 and M 2 be two closed surfaces. Suppose that at least one of the following conditions (a)-(e) holds:
is either the sphere or the projective plane;
. Then each continuous mapping f : M 1 → M 2 has the Wecken property for the root problem.
Proof. In what follows, we use d for the absolute degree A(f ).
(a) Suppose that M 1 is orientable: M 1 = S h with h ≤ 1. If M 2 is orientable, the claim follows from Corollary 5.1 (a). Let M 2 be non-orientable and suppose that some map f : S h → M 2 does not have the Wecken property. Then, by Theorem 1.
Let M 1 be non-orientable. By Theorem 1.5, we can assume that M 2 is also non-orientable. If a map f : M 1 → M 2 does not have the Wecken property, then, by Theorem 1.5,
(b) Because of (a), we may assume that χ(M 1 ) ≤ −2. If a map f : M 1 → M 2 of absolute degree d ≥ 0 does not have the Wecken property, then, by Theorem 1.5,
hence we obtain the contradiction 
Since r is even, it follows from the congruence in (6.1) that r ≤ d − − 1 . Therefore, d ≥ 2 + + 1 and (a) χ(M 2 ) ≤ 0, that is, M 2 is neither the sphere nor the projective plane; 
then there exists an orientation-primitive continuous mapping f :
Furthermore, no such mapping f has the Wecken property for the root problem.
Proof. By (c), the pair of surfaces 
. Because of (6.1), the Hurwitz condition (2.2) is fulfilled and, hence, r > 0 is even. However, it is possible that the pair (d, r) does not satisfy the condition r ≤ d − 2 . Let (d 0 , r 0 ) be the pair uniquely determined by the following conditions: r 0 is even, Comments to the figures. By the first part of Theorem 1.5, all maps from a non-orientable surface into an orientable one have the Wecken property. The second part of Theorem 1.5 deals with the other cases; it is illustrated in Fig. 1 for mappings S h → S g between orientable surfaces, in Fig. 2 for mappings N h → N g between non-orientable surfaces, and in Fig. 3 for mappings S h → N g from an orientable surface onto a non-orientable one. In each figure, the integer points (g, h) of the plane marked by stars correspond to pairs of surfaces for which there exist mappings without the Wecken property ("Hopf examples").
Let 
is called the turbulence zone.
The equations of the zones in various cases are shown in Table 6 .4. There S g and N g denote, as above, the orientable and non-orientable, respectively, closed surfaces of genus g. In particular, χ(S g ) = 2 − 2g and χ(N g ) = 2 − g.
Consider the pairs of surfaces M 1 and M 2 missing from the lists of Corollaries 6.2 and 6.3 and, thus, belonging to the turbulence zone. We can suppose that χ(M 2 ) < 0. The following corollary is a generalization of Corollary 5.1 (c); it gives a criterion determining for which pairs (M 1 , M 2 ) with χ(M 2 ) < 0 (under appropriate assumptions on the parity of χ(M i ) and the orientability of M i ) all mappings f : M 1 → M 2 have the Wecken property for the root problem. (a) χ(M 2 ) < 0, that is, M 2 is not the sphere, the torus, the projective plane, or the Klein bottle; (b) χ(M 1 ) is even or χ(M 2 ) is odd ; (c) M 1 is orientable or M 2 is non-orientable. Take the integers d 0 and r 0 such that r 0 is even and Wecken zone non-Wecken zone 10 * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 
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